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Lecture 1 and 2 dealt with point estimates of x given the observations Y = {y;,...,yn}, i.e., £ = g(¥) and
achieves MSE.

Ex: Planned travel to Swedish coast:
e Ise. predicted temperature 15°C
* Ise. predicted rain 15mm

What to bring?
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More useful forecasting given the posterior pdf p(x|y), x = (raln temp.) . Note the multimodal

distributions.

1 Bayesian Approach

* Instead of a point estimate, calculate the posterior pdf p(x|y). Steps:

1. Prior distribution p(x).
2. Apply Bayes’ rule:
PP
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where the likelihood p(y|x) (comprising the information in the measurement) is combined
with the prior p(x), and p(y) = [ p(y,x)dx is a normailizing constant.

3. Point estimate (if required):

#005% — [xp(aly) dx

M = argmax p(x[y),
X

where: MAP — maximum a aposteriori and MMSE — minimum mean squared error.
* Generally computationally demanding to calculate the posterior distribution.

* How to handle the case when x is time-varying and observations are received sequentially?

Le 2: Casual Wiener Filter:
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Where T'(z) is the spectral factorization.
H (z) — IIR filter for sequential estimation of .

2 State-Space Models (SSM)
Linear discrete-time SSM:

X1 = Fexg + Grwy

Vi = Hpxp + vy
¢ x; (n x 1) state vector * X initial state
* wy (m x 1) process noise e F; (n X n) system matrix
* v (p x 1) observation noise * Gy (n X m) noise gain matrix
* yx (p x 1) observation vector * H; (p X n) observation matrix

X0, Wi, and v are stochastic quantities with:
e E xo] =0, E[wk] =0, E[vk} =0 Vk
- E xoxz‘)] =Py, E[xov,t] =0

* E {(wk> (WZ) } = (Qf Sk) Okl (0 Kronecker’s delta function)
Vi V] St Ry

NB: If xg, v¢, and wy are jointly Gaussian, so are x; and y, due to the linear model.




General SSM:

(in order of increasing generality)
* Nonlinear: Xier1 = S (X, wi)

Yk = h () + v

* Implicit: Jie(Xpes1, X, wi) =0
=0

ic(Vis X, Vie)

* pdf: Xy 1k %k ~ P (k1 [xk)

yilx ~ p(vilxx)

2.1 Markov process

If v and wy, are white, then

(X1 |x14) = Pkt X, Xi—1) = p (X1 xx)

where the last equality utilizes the Markov property. That is, everything worth knowing about the past is

available in the last sample!

2.2 General Bayesian Solution

Goal: Recursively calculate p(x;|Yy), where ¥, := {y;}X_,.

Bayes’ rule:
p(B|A,C)p(A[C)

PAIBC = i)

Measurement update

PO|xk, Yi1) p(a Y1)

palYy) =
PklYi-1)
likelihood specified by meas. model  priori (predicted) dist.
—_—~ —
Pklxe, Y1) P (k| Yi—1)

S pOilxi) p(a|Yi—1) dxx

Time update

Pk [ye—1 = /P(xk,Xk71|Yk71)dxk71

= /P(xk|xk—laYk—l)p(xk—l|Yk—1)dxk—l = /MarkOV PTOCGSS/

= / P(xlxe—1) P(xe—1|Yi—1) dxge—
—_——

specified by state transition model



Problems:
* How to represent the distributions?

* How to calculate the integrals?

Representations of the distributions:
» Parametric. Only possible for Gaussian (Kalman filter) and a a few others.
* Discrete representation.

— Fixed grid (point-mass filter)
— Stochastic grid (particle filter)

¢ Gaussian mixture model, i.e., linear combinations of Gaussian distributions

2.3 Linear Gaussian Case — Kalman Filter

X1 = Fxg + Gewy w v . 0
E k (W TV ) = on R 5k— !
Vi = Hexp +vi Vk &
X0, Wk, and v jointly Gaussian. (S; = 0 for simplicity.) This results in all relevant distributions being

Gaussian,
mean covariance
=
pxklye) = A (s e s P )
POrYi-1) = A (Vi Iigr—1:Re k)
POk |Yi1 = A (x5 Zk—15 Peje—1)
Now:
XAk‘l = E[Xk|Y]]

Py = E[ (o — £pr) (o — £agp) ]

Goal: Recursively calculate £, and Py

Recall: If u and z are jointly Gaussian, then

pu\z(uk) = '/V(u;.uu\zazuk)v
where
My|z = M+ Zuzzzzl (Z - .uz)
B = 02— Ty 900




2.4 Measurement update (£—1, Pe—1) — (S, Pelrc)

Vi Jkfk—1
Frk—1 = E[yklYe—1] = E[Hixi +vilYio1] = Hifge
A =E[ (% — Zepe—1) 0k — Iuk—1)"] = E[ Ok — Fee1) (k= Re—1) T HE = Page—1 Hy,

(-G )

Rex = E[(yk = Puje—1) Ok — Iuk—1)"] = HiPy—1Hy; + Ry

yielding

Uy Py H
. —— p - o —
B = Fape—1 + Pepe—1 Hy (He P 1 Hi +Rie) ™ (% — Figi—1)

P = Peji—1 — Pt Hyf (P HE + Rie) ™ HiPgge_y
D B B B
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2.5 Time update (£, Pee) — (Kkr1 ks Prer1)k)

B = E[xq1 Y] = E[Fxe + Gone Y| = /Wz Lyl < k/ = Fifyi

Pt = B[ (1 = Berrje) Gt — Sese) ]
=E [(Fkxk + Gywy, — Fk)ek\k) (Fixy + Grwy — Fk)ek|k)*] = FkPk|ka* + G 0kG},

Summary Kalman Filter:

Initialization
Xoj—1 = Xo

Fo—1 =Tlo
Measurement Update:
S = 1 + P 1 Hy (HkPope— HE + Rie) ™" (6 — HiHigp—)
Pue = Pup—1 — Pupe— 1 Hi (HiPope— 1 Hi + Re) ™ HicPji—y

Time Update
X1k = Fifik

Pk = FPyiF + G Qi Gy,




