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Smoothing

In many applications an delayed estimate might be tolerable or off-line processing is interesting. This
way, more data can be used in the estimate, providing

* higher accuracy

* more complex estimators.

Different Types of Smoothers
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Applications
* Fixed point smoothing: Initial condition estimation.
¢ Fixed lag smoothing: Online processing with delay.

¢ Fixed interval smoothing: Offline processing.

Fixed Point Smoothing (see ex 4 in HW #3)
Goal: Find £ for all k > j, j-fixed

Trick: Introduce the augmented state vector (xz (x‘,:)*) * and the augmented state-space model
X1\ (Fe O [x Gy
()= (6 D) (5)
X
yi = (Hx 0) (x];) + V.
k

Note, the dynamic transition of the augmented part of the state x{ = x; is constant.

Apply the Kalman filter recursion

Gain: K E O\ [Pax—r (P "\ /H*
p,k) o ( k > klk—1 k|k—1 < k) (HP, HF —1
= iPek—1 H +Rie) ™
(Kﬁ,k 0 1) \FBe-r Bier )\ O |
where P | = Pt = E[(x; — &) (x; — £;,)"], yielding

Kp i = FePe 1 H (HiPy— HY +Ri) ™
K i = FiPy_ Hy (HiePyj— 1 Hy +R) !
Covariance:
Pyl (P;?+1|k)* :<Fk 0) Prji—1 (Pka\k_l)* (Fk* O)
Ly Pl?il\k 0 7 Pl?\k—l P/ﬁ‘/i—1 0 1
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+ (%k> O (G; 0)

Remark: K(HPH*+R)K* = K(HPH* +R)(HPH* 4+ R) 'HPF* = KHPF*

Peiijk = FPp—1 Fy — Kp kHiPyi—1 Fy + GrQGy;  standard update
Pt = Pt B — Ky g Hil P B

aa _ 1 a
Pk = Pt — Kp i iy



Estimate: ik = %1+ Kprex

Rele—1 .
ec=yc— (Hr 0) <£Zk1> =Yk — HXpp—

Summary: Standard Kalman filter recursions

Lk =Ejpk—1+ K Ok — Hifigge—1)

=il
Kﬁ,k = Pl?|k—1HIj Re,k

Pl = Pie1 Fe — Kp jHiPge—1 ¢

a — a (1
Tk = Prlk—1 — Kp Py

Initial condition: 2?\/—1 =X;);—1 and ijlj—l =Pjj_1

Remark:
* Most improvements are obtained after 2-3 time constants of the system.

* Time varying even for time invariant systems.

Fixed Lag Smoother

Goal: Find £, and P;_,, n-fixed, k-growing

Trick: Introduce the state-space model

X1 F 0 .. 0 X G
(1) , (1) .
e o b 0
Xer1 | =10 I Xk +| 0 Wi
A 0 1 0/ \x"h 0
Xk
R
()
yk:(Hk 0o 0 ... 0) X + Vi
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Xy
Note that: x1(<21 :xk,x,(i)1 :xk,l,...,x,(('fl]) = Xj._p, yielding )?](fjr”k =Xt i=1,...,n+ 1.

Hence: The one-step predictor of the augmented state-space model will give the 1.L.s.e. of x;_; given
(i} g fori=0,....n.



Fixed Lag Smoothing Equations:

Standard Kalman filter recursions for the original state-space model.
1: XA0|_1 :X\—i\—l =0
. p0)
Z Pk\k—l = Pije-1

3: for i=}1,...,Ndo '
4 (1) L) +K(1+1)

Kt = Mifke—1 T Bpx "Gk
s Ky =P HR
6 P = B (B Kpu)*
7 Peie = Proipe-1 — B éleH; (Kpii)*
8: end for
Remark:

* Time invariant for time invariant state-space model.
* If n corresponds to 2-3 time constants almost all info has been included in the estimate £,

hence a fixed interval smoother gives marginal improvement.

Fixed Interval Smoother

See Bryson-Frazier and Rausch-Tung-Stribel formulas in the book.

Information Filter

If the initial state is completely unknown, then Py — oo, which may cause numerical problems. However,
Py ' = 0 is quite natural. Propagating P !instead of P is referred to the information formulation of the
Kalman filter.

Note: for Gaussian linear state-space systems, then P, !'is equivalent to the Fisher information matrix.

Derivation of the Information Filter

Assume:
* S = 0 (for simplicity)

* F; non-singular (for simplicity)
Recall:
« (A+BCD) ' =A"1—A"'B(C"'+DA"'B)DA"!

* Kalman filter gain: K¢ = Pk|k_1H,fR;,: = Pk|kH,:‘R,:1



Measurement update of Pk_1

P = Pt — Pupe— HE (HPyHE + Rie) ™ Hic Py
= (P + H{R,'H) ™!
1 _ p-1 -1
P =P+ H{RHi
———
Info. added by the meas.

Time update of Pk_1

Pei1jk = FiPyiFy + GOk Gy,
ijl‘k = (FPyF; + GeQiGy) ™' = {Ar = ka*Pki\lekfl}
= (A + GGy !

= A — AGr(GiAKGr+ 01 ) T GiA

reduction in information when predicting
= (I - AGe(GiAGr + O ) T Gl A
= (1 - BkGZ)Aka

where By = Ay Gy (GiAGy + 0, 1)~
State Recursions

ogs A 1 A N N
Definition: ak|k_1 = Pk|k71xk‘k_1 and ak|k = Pk\k xk\k
Measurement update:

. n 1 .
Rk = Znp—1 + PoHE R (v — Hig—1)
P,;|k' L = P,;‘,j)ek‘k,l +H{R, 'y — H{R, ' Hif
= Py Rup1 +Hi R i

Ak = Ay + H{R; vk
Time update:

Rer1k = Fifik
A _p-1l 2 _ p—1 a * N
ak+1‘k = Pk+l‘kxk+1|k = PkHlkaxk‘k = (I—Bka)Akaxk‘k

= (I = BkGp)Fy "y



Summary:

Measurement update:

Time update:

where

. . -1
gk = Ap—1 + HeRy Yk

=1 _ il =T
Pk = Py T H Ry Hy

i = (I = BeGy) By
P = (I — By Gy)Ax

Ay =F Py F!
By = AyGir(G{ALGr+ Q) ™!




